Abstract. For an arbitrary non-square discriminant D, the Rédei field Γ 0 (D) is introduced as an extension of K = Q( √ D) analogous to the genus field and connected with the Rédei-Reichardt Theorem. It is shown how to compute Rédei fields, and this is used to find socles of dyadic extensions of K for negative D. Finally, a theorem and two conjectures are presented relating the fields Q( √ −p) and Q( √ −2p) for an odd prime p.
Introduction
Let D be a non-square discriminant, i.e. a non-square integer congruent to 0 or 1 modulo 4. The ring class field N = N (D) is a normal extension of the quadratic field K = Q( √ D) with Galois group Gal(N/K) canonically isomorphic to the form class group C = C (D) via the Artin symbol. Moreover, N/Q is normal with Gal(N/Q) ∼ = C C 2 generalised dihedral. The genus field Γ = Γ(D) is the compositum of all quadratic extensions of K inside N . Since Gal(Γ/K) is an elementary Abelian 2-group isomorphic to C /C 2 , its rank equals C 's 2-rank,
i.e. the number of cyclic factors of C whose order is divisible by 2. The determination of this 2-rank goes back to Gauss. The famous Rédei-Reichardt Theorem determines C 's 4-rank. In light of this, we propose the following terminology: Definition 1. The Rédei field Γ 0 = Γ 0 (D) is the compositum of the quadratic subextensions of all cyclic extension of K of degree 4 inside N .
Clearly, the Rédei field is contained in the genus field, and the rank of Gal(Γ 0 /K) equals C 's 4-rank. The computation of Γ 0 is well known in case D is a fundamental discriminant, i.e. equal to the field discriminant of K, but has to the author's best knowledge never been carried out for arbitrary D, cf. [8] . Theorem 1 in section 2 below fills this gap. This investigation was motivated by [2] where the problem occurred of determining the Rédei field over K = Q( √ −7) for D = −1792.
Let Z 2 = lim ← − C 2 n be the pro-cyclic group of dyadic (2-adic) integers, and let D 2 = lim ← − D 2 n ∼ = Z 2 C 2 be the corresponding pro-dihedral group. If D is negative, then there exists a unique field
Definition 2. The socle Soc(K) of an imaginary quadratic field K is the unique quadratic subextension of M K /K, cf. [4, Definition 6.1].
In section 3, we illustrate the theory of Rédei fields by determining Soc(K) in some new cases. Finally, in section 4, we prove a theorem and present two conjectures relating the socles and dyadic extensions of the fields K = Q( √ −p) and K = Q( √ −2p) for an odd prime p.
Rédei fields
For an arbitrary non-square discriminant D, we write Table 1 defines, depending on D's congruence class, a number µ and a list of assigned ancipital forms f 1 , . . . , f µ . Each ancipital form is the product, by Dirichlet composition, of a unique subset of the f i (the empty product is taken to be the principal form). Therefore, the number of ancipital forms is 2 µ , the number of ambic classes is 2 µ−1 , and C 's 2-rank is µ − 
Thus, the ijth entry is the Kronecker symbol (q j /m i ) where q j is the jth assigned prime discriminant, and m i is an integer prime to q j represented by the ith assigned ancipital form f i . Note that (a, c) = 1 for all f i = (a, b, c) such that at least one of a = f i (1, 0) and c = f i (0, 1) can serve as m i .
An ancipital form f is said to be of the second kind if the product of the rows of the Rédei matrix R corresponding to the factors f i of f is the 1-row, i.e. if χ j ([f ]) = 1 for all j. Since C is a finite Abelian group, we have
This shows that an ancipital form is of the second kind if and only if its class is a square, and that the number of ancipital forms of the second kind is twice the order of
A fundamental discriminant divisor d is said to be of the second kind if the product of the columns of R corresponding to the factors q j of d is the 1-column, i.e. if (d/m i ) = 1 for all i where m i is an integer prime to d represented by f i . Similarly, it follows from
that d is of the second kind if and only if the quadratic character it defines is a quare, and that the number of fundamental discriminant divisors of the second kind is twice the order of
In analogy with µ, the number ν is defined such that C has 4-rank ν − 1. Then
and we have thus proved the Rédei-Reichardt Theorem a [10, 11, 12] for an arbitrary nonsquare discriminant D using only the elementary theory of quadratic forms:
a Named after László Rédei (1900 Rédei ( -1980 and Hans Reichardt (1908-1991).
There are 2 ν ancipital forms of the second kind. There are 2 ν fundamental discriminant divisors of the second kind. The matrix obtained from the Rédei matrix by replacing each entry (−1) n by n has rank µ − ν over F 2 .
We continue considering a non-square discriminant D and write
The reader is referred to [3] regarding the definition and properties of ring class fields. The ring class field N = N (D) is the class field over K corresponding by class field theory to the ring modulo f (in the narrow sense if D > 0). It is the unique number field with the property 
The genus field Γ = Γ(D) is the maximal elementary Abelian 2-extension of K (or Q) inside N . It corresponds, via Galois theory and Artin symbol, to the subgroup C 2 of squares in C . Hence
Being an elementary Abelian 2-extension of Q, Γ is easily determined (as is -non-easilyany Galois extension) by the set of primes that split in it. Consider a prime p D that splits in K. Then (D/p) = 1, and p is represented by a unique form f ∈ C . Now
by (4), (2) and the definition of fundamental discriminant divisors. The well-known fact follows that Γ is obtained by adjoining to Q the square roots of all assigned prime discriminants. The Rédei field Γ 0 is clearly contained in the genus field Γ. A consideration shows that Γ 0 corresponds, via Galois theory and Artin symbol, to the subgroup A 0 of C generated by squares and ambic (self-inverse) classes. From the Rédei-Reichardt Theorem follows
For a prime p with (D/p) = 1 and represented by f ∈ C , we thus get (c) The following application is due to Rédei and Reichardt [12] : Let n be a non-square positive integer not divisible by 4 or by any prime p ≡ 3 (mod 4). Assume that the class group C (4n) has 4-rank zero. Then f = (−1, 0, n) is the second ancipital form in the principal class other than the principal form (1, 0, −n) itself, since [f ] is both self-inverse and, as follows from (2) Proof. Since M K /Q is pro-dihedral, Soc(K) is of the form K( √ a) with a rational integer a. Only primes above 2 can be ramified in a Z 2 -extension by a result of Iwasawa [7] . Hence a can be taken to be −1, p or −p. It is a theorem of Bruckner [3, Satz 8] that any Abelian extension of K which is (generalised) dihedral over Q is contained in some ring class field. It then follows from the ramification restraint that M K is contained in the union of the ring class fields N (−2 2n pq), n ≥ 1. Consequently, Soc(K) is contained in the Rédei field Γ 0 (−2 2n pq)
for sufficiently great n. More precisely, we will be in the last case of Table 1 , and the Rédei matrix and the Rédei field will remain constant for n ≥ 4. We therefore put D = −256pq and find assigned characters p * , q * , −4, 8 and assigned forms (p, 0, 64q), (q, 0, 64p), (64, 0, pq), (4, 4, 1 + 16pq). The Rédei matrix thus becomes
respectively. In all four cases, the 4-rank is ν − 1 = 1 and consequently Soc(K) = Γ 0 . The determination of Γ 0 follows from Theorem 1.
The proof of the following theorem is completely analogous. 
Two conjectures
Let p be an odd prime, and let h and h be the class numbers of K = Q( √ −p) and K = Q( √ −2p), respectively. The socles of K and K were determined in [4, Propositions 2, 4, 5] in all cases except when p ≡ 1 (mod 16) and 8|h, h . Note that the conditions 8|h and 8|h are equivalent when p ≡ 1 (mod 16) by an old, seemingly forgotten result of Glaisher [5] . Write Soc(K) = K( √ a) and Soc(K ) = K ( √ a ) with a, a ∈ {−1, 2, −2} (cf. the proof of Theorem 2). This gives nine a priori possibilities for the ordered pair (a, a ). The author has verified this conjecture for all p up to 14,000,000. These computations also show that all of the pairs (a, a ) stated above actually occur (with certain conjectural densities), and that all nine pairs occur when h and h are both divisible by 32. As in the case of Q( √ −1) and Q( √ −2), it may happen that K and K have common socle Soc(K) = Soc(K ), i.e. that (a, a ) = (2, 2). We then have the following: Theorem 4. Let p be an odd prime. Suppose K = Q( √ −p) and K = Q( √ −2p) have common socle. Then the the compositum of the Z 2 -extensions M K and M K contains a square root of either
Proof. As remarked above, the common socle is K(
. Let L and L be the unique subextensions of degree four of M K /K and M K /K , respectively. Both L and L are D 4 -extensions of Q. The group G = Gal(LL /Q) therefore is a fibre product of two copies of D 4 . It is the ninth group of order 16 in Hall and Senior's classification [6] , and the third in the Magma library. One has G/G ∼ = C 4 × C 2 such that the maximal Abelian subfield A of LL has Gal(A/Q) ∼ = C 4 × C 2 . Consequently, LL has two subfields A and A that are C 4 -extensions of Q. Both A and A contain Q( √ 2) since neither K nor K is C 4 -embeddable. The situation is summed up in Figure 1 . This conjecture has been verified for all p up to 8,000,000. Both square roots can occur when p ≡ 1 (mod 16) and 8|h, h (take p = 337 and p = 593), and there seems to be no simple criterion deciding which in this case.
